[image: image1.jpg]Theorem 9.2: Convergence Properties of Series
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1. If Z an, and Z b, converge and if k is a constant, then

n=1 n=1

oo oo &
. Z(an + by,) converges to Z an + Z b,
A=l n=1 n=1

oo (e )
. E ka,, converges to k E Qn.
n=1 n=1

2. Changing a finite number of terms in a seriés does not change whether or not it converges,
although it may change the value of its sum if it does converge.
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3. If lim a, # 0or lim a, does not exist, then Z an, diverges.
L0 n—oo 1
n=
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4. If Z a,, diverges, then Z ka,, diverges if k # 0.

n=1 n=1

Theorem 9.3: The Integral Test
Suppose a,, = f(n), where f(x) is decreasing and positive for z > c.
oo

o If / f () dz converges, then ) a,, converges.

o0
o If / f(z) dz diverges, then | a,, diverges.
c

Theorem 9.4: Comparison Test

Suppose 0 < a,, < by, for all n.
e If 3" b, converges, then ) | a, converges.

e If > a, diverges, then ) by, diverges.

Theorem 9.5: Limit Comparison Test

Suppose a,, > 0 and b, > 0 for all n. If

. a !
lim —~ =c where ¢ > 0,
n—o0 bn

then the two series 5 an, and ) b, either both converge or both diverge.

Theorem 9.6: Convergence of Absolute Values Implies Convergence

If 3 |a,| converges, then so does ) an.
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For a series 3" ay, suppose the sequence of ratios |ap+1]/{ax | has a limit:

lim ——————Ian+1| =

n—oo |Gy

e If L < 1, then Y a, converges.
e If L > 1, orif L is infinite,’ then Z an diverges.

e If L = 1, the test does not tell us anything about the convergence of ) a,.

Theorem 9.8: Alternating Series Test

A series of the form

(-1)"la, =a; ~ag+az~ag+-+(=1)"lay + -
n=1
converges if

0<any1 <ap foralln and lim a, = 0.
n—oo

Theorem 9.9: Error Bounds for Alternating Series

Let S, = Z(—l)i_lai be the n'* partial sum of an alternating series and let S = lim S,,.

n—oo
=1
Suppose that 0 < a1 < a, forall n and lim,,_. a, = 0. Then
|S — Snl < Ap+1-
Theorem 9.10: Method for Computing Radius of Convergence
oo
To calculate the radius of convergence, R, for the power series Z Cn(z — a)™, use the ratio
n=0

test with a,, = C,(z — a)™.
o If nlim |@n-+1]/|an| is infinite, then R = 0.

e If lim ]a,;+1|/]an]":“ 0, then R = co.
n—oo

o If nango lan+1|/|an| = K|z — al, where K is finite and nonzero, then R = 1/K.





