Algebraic Manipulation Practice

College Algebra – Spring 2006
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Week 2: Linear Equations and Linear Systems

Solving a linear equation.

Warm-up:  Solve for x:   a – (x + 1) = b + 1
1.
Solve for t:   
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Solve for x:   
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3.
Solve for x:   
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4.
Solve for q:   
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Solving a linear system.

Warm-up:  Solve:   
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1.
Solve, using the substitution method:   
[image: image7.wmf](
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2.
Solve, using the elimination method:   
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3. 
Find the (exact) point of intersection of the 2 lines:    y = x +1   and   2x + 3y = 12.

 
[image: image9.png]



Solving a literal equation (or “formula”) for one of its variables.

1.
Solve 
[image: image10.wmf]  
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2.
Solve 
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 for R;  then solve it for S.
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Week 3: Quadratic Equations I

Solving a quadratic equation by factoring

Warm-up:  Solve:  
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Solve:  
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Solve:  
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Solve:  
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Solve:  
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Solving a quadratic equation by taking square roots.

Warm-up:  Solve:   
[image: image17.wmf]2

350

x

-=


1.
Solve:  
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Solve:  
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3.
Solve for x:  
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   (Assume 
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Constructing a quadratic equation (with integer coefficients) from its roots.

In each of the following, find a quadratic equation (with integer coefficients) having the given roots.  Write your answer in the form: 
[image: image22.wmf]2
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Warm-up:  Roots are: 2 and 
[image: image23.wmf]6
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Roots are: -3 and 6

2. 
Roots are: 
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Roots are: 
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Week 4 Quadratic Equations II

Solving a quadratic equation by using the quadratic formula 
[image: image30.wmf]2
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Warm-up:  Solve, using the quadratic formula:  
[image: image31.wmf]2
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Solve:  
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Solve:  
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3.
Solve:  
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   (Hint: Clear the fractions.)

Solving equations that are “quadratic in form.”

Warm-up:  Solve:  
[image: image35.wmf]42
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   (The key: Making the correct change of variables.)

1.
Solve:  
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2.
Solve:  
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Solve:  
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Finding the intercepts, axis of symmetry, vertex and range of a quadratic function.

In each of the following, find the intercepts, axis of symmetry, vertex and range of the quadratic function.

Warm-up:  
[image: image39.wmf]2
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4.
f is the quadratic function whose vertex is at (2, 10) and whose graph passes through (6, 0).
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Week 5: Exponents

Simplifying an expression using the laws of exponents 

Warm-up:  Simplify the following; have only positive exponents appear in your answer.
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1.
Simplify:  
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2.
Simplify:  
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Simplify:  
[image: image46.wmf](

)

3

1

24

12

3

u

uvw

-


Simplifying a radical expression

Warm-up:  Simplify the radical expressions completely:

(i) 
[image: image47.wmf]24
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(ii) 
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936

x

+




(iii)  
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1.
Simplify:  
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Simplify:  
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Simplify:  
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4.
Multiply and simplify:  
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Rewriting a radical expression with rational exponents (and vice-versa).

Rewrite the radical expression, using exponents (or vice-versa).

Warm-up:  (i) 
[image: image54.wmf]3
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Solving an equation with rational exponents or radicals

Solve each of the following equations by hand.

Warm-up: 
[image: image61.wmf]530
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1.
Solve:  
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Solve:  
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Solve:  
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Solve:  
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Solve:  
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Week 6: Exponential Equations

Solving equations of the form: 
[image: image67.wmf]uv
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Solve the exponential equations by first writing both members as powers of the same base.

Warm-up: Solve: 
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Solve:  
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Solve:  
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Solve:  
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.  Hint: The equation is quadratic in form; use a u-substitution

Using the Logarithmic Function: 
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, to solve equations having a single exponential expression.  KEY: First isolate the exponential expression.

Warm-ups:  (a) Solve:  
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     (b)  Solve for t in the formula:  
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Using the properties of logarithms (the product, quotient and power rules, and the “change of base” formula) to solve exponential equations
Warm-up: Solve the following (by hand), giving exact solutions.  Then, use your calculator to compute these solutions to the nearest 0.001.
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Do the same for the following.
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.   Hint: The equation is quadratic in form.
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Week 7: Logarithmic Equations

Solving equations having only one logarithm

Solve the logarithmic equations.  KEY: First isolate the logarithm; then use: 
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 to write the equation in exponential form.

Warm-up: Solve: 
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Solve:  
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2.
Solve:  
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3.
Solve for I in the formula: 
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4.
Solve:  
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Solving equations having more than one logarithm

Solve the logarithmic equations.  KEY: Use properties of logarithms (product, quotient and power rules) to combine the logarithms into a single logarithm.
Warm-up: Solve: 
[image: image93.wmf]loglog(8)1
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Solve:  
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Solve:  
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Solve:  
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Solve:  
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Solving formulas containing exponential or logarithmic expressions
Warm-up: Solve the formula: 
[image: image98.wmf]rt
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 for t
Do the same for the following.

1.
Solve the formula:
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Solve the formula: 
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Solve the formula: 
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4.
Solve the formula: 
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5.
If 
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6.
If 
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Week 10: Completing the Square

Every quadratic equation can be solved by completing the square.

Warm-up:  Solve by completing the square:  
[image: image106.wmf]2
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Solve by completing the square:  
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Solve by completing the square:  
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3.
Solve by completing the square:  
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Writing 
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Warm-up:  Write 
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 in standard form.  Then, identify the axis of symmetry, the vertex and the range of f.
Do the same for the following.
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Finding the standard form for the equation of a circle: 
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Warm-up: Write the equation of the circle: 
[image: image117.wmf]22
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 in standard form.  Locate its center and state its radius.

Do the same for the following.
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Rewriting a rational expression (by completing the square in its variable)
Rewrite each of the following by completing the square (in x).

Warm-up: 
[image: image121.wmf]2
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Rewrite:  
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Rewrite:  
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Rewrite:  
[image: image124.wmf]2

3

226

xx

++


MAT 150





Name: ________________________

Week 11: Algebraic Fractions

Reducing an algebraic fraction
Simplify/reduce the following algebraic fractions.  KEY: This can only be done by canceling the FACTORS common to the numerator and denominator.

Warm-up: 
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  Hint: The denominator is a sum of cubes and can be factored.

Multiplying and dividing algebraic fractions

Multiply or divide (and simplify).  KEY: Factor all numerators and denominators, and divide by multiplying by the reciprocal.
Warm-up: 
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82

6

aba

ba

++

×

-


1.

[image: image131.wmf]2

2

24

xxx

xx

-+

×

+


2.

[image: image132.wmf]3

2

861

xx

yyxy

¸×


3.

[image: image133.wmf]22

22

322

62

xxx

xxxx

--

¸

--+-


4.

[image: image134.wmf]2

2

245

422

xxxx

xxx

-+

æö

¸

ç÷

-+-

èø


(over)

Adding and subtracting algebraic fractions
And or subtract (and simplify).  KEY: If necessary, first find the LCD (least common denominator).
Warm-up: 
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Simplifying complex algebraic fractions
Simplify the following complex fractions.  KEY: There are two methods for doing this.  Although either method can be used in any problem, practice will suggest which method will be “easier” in a given problem.

Warm-up:  
[image: image139.wmf]1
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Week 12: Complex Number System

A complex number z is of the form 
[image: image144.wmf]zabi

=+

, where a and b are real numbers and 
[image: image145.wmf]1
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.  Terminology: a is called the real part and b is called the imaginary part of the complex number z, and i is called the imaginary unit.
Complex Arithmetic: KEY: The arithmetic operations of addition, subtraction and multiplication of complex numbers have been defined so that these operations can be carried out by treating the complex numbers as if they were binomials.

Warm-ups: Perform the indicated operations and simplify (writing your answer in 
[image: image146.wmf]abi
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 form).

(a) 
[image: image147.wmf](34)(9)

ii

++-


(b) 
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(c) 
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Exercises:

1. If 
[image: image150.wmf]1
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, find the following (and simplify).


a.  
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2. If 
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a.  
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a.  
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(Principal) Square Root of a Negative Number: For any 
[image: image165.wmf]0
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, we define 
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.  KEY: When working with such radicals, first express the number in terms of the imaginary unit, i.
Warm-ups: Perform the indicated operations and simplify (writing your answer in 
[image: image167.wmf]abi
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 form).

(a) 
[image: image168.wmf]182
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(b) 
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(c) 
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Do the same in each of the following:

4. 
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5. 
[image: image172.wmf](
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6. 
[image: image173.wmf]5439
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The Division of Complex Numbers: This last arithmetic operation is done by making use of the complex conjugate.  Definition: If 
[image: image174.wmf]zabi
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, then its complex conjugate is 
[image: image175.wmf]zabi
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.  The product of a complex number with its conjugate always produces a nonnegative real number.

Warm-up: Divide (and simplify): 
[image: image176.wmf]52
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Do the same in each of the following:

7.  
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Solve the following equations.  (Write any complex solutions in 
[image: image180.wmf]abi
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 form.)

10.  
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  (Note: This equation has 3 solutions.)

12.  
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Week 13: Division of Polynomials

Let f(x) and g(x) be polynomial functions, where the degree of 
[image: image184.wmf]f
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 the degree of g.  Then, there are unique polynomials q(x) and r(x), such that
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       (1)
In (1), f(x) is called the dividend, g(x) is called the divisor, q(x) is called the quotient, and r(x) is called the remainder (which may be a constant, possibly 0).  If the remainder 
[image: image187.wmf]()0,
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 we say that the divisor g(x) is a factor of the dividend f(x).

Long Division: A comprehensive way of finding q(x) and r(x)
Warm-ups: Perform the following division (use long division); write your answer in the form given in (1).

a.  
[image: image188.wmf]32
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Exercises: Do the same for the following.

1. 
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Synthetic Division: When the divisor g can be written in the form: 
[image: image197.wmf]()
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, k a constant, then an alternative method can be used to find 
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Warm-ups: Use synthetic division to find the following.
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Do the same in each of the following:
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Week 14: Difference Quotient

Definition: Let f be a function and let x and x + h be in its domain.  Then


[image: image206.wmf]()()
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is called a difference quotient of f.  The difference quotient has two fundamental interpretations: (1) It gives the slope of the secant line that joins the points P = (x, f(x)) and Q = (x + h, f(x + h)) on the graph of y = f(x), and (2) it equals the average rate of change of the value of f(x) on the interval [x, x + h].  A central idea in the Calculus (viz., the derivative) utilizes the concept of the difference quotient.

Finding the Difference Quotient: Find (and simplify) the difference quotient for each of the following.

Warm-ups:

(a) 
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Do the same for each of the following:

1.  
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7. 
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  (k a constant)  How do the difference quotients of f and g compare?
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[image: image222.wmf]()()

gxcfx

=

 (c a constant)  How do the difference quotients of f and g compare?
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Week 15: Summation Notation

Summation notation is shorthand for writing lengthy sums:
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          (1)
In (1), i is called the index of summation, and 1 and n are called the lower and upper limits of summation, respectively.  
[image: image224.wmf]n
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 is called the general, or nth term of the sum.

(Re)writing a sum using summation notation

Rewrite the following sums using summation notion.  Key: Look for patterns (e.g. successive terms differ by the same amount or the form a common ratio, or the terms alternate in sign, etc.).  Use this to write a formula for the general term, 
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Warm-ups:
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Writing out the terms of a given sum

Write out the terms of the following sums and identify how many terms there are in the given sum.  (When there are many terms, use ellipses. . . .)

Warm-ups:  (a) 
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Hint: Recall that n! (n-factorial) is defined as 
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, where f is some function of x.
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Week 16: Absolute-Value Equations/Inequalities

KEY: The following “geometric interpretation” of absolute-value is, in my opinion, most helpful for understanding how absolute-value equations and inequalities can be solved by hand.  Consider: State the values of: 
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       , 
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        , and 
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       .  Note that (and here’s the key), for any real number x,
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 = the distance of the number x from the origin (0) in the number line.

Solving Absolute-Value Equations: Solve the following:

Warm-ups:

(a) 
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Do the same for each of the following:
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Solving Absolute-Value Inequalities: Solve the following and graph the solution set, S, on a number line.

Warm-ups:

(a) 
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[image: image261.wmf]4310

x

-£


Do the same for each of the following:
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Problem: Find all those numbers x on the number line that are twice as far from 2 as they are from 10.
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