170 Trigonometric Identities and Equations Practice

1. TRIGONOMETRIC IDENTITIES

Prove the following identities.

1.

10.

11.

12.

13.

sin(#) sec(d) = tan(9)

. cos?(t) — sin?(t) = 2cos?(t) — 1

csc(x)
sec(z)

= cot(x)

. (14 cos(B))(1 — cos(B)) = sin’(B)
. cot(w) sin(w) = cos(w)

. cos?(x)(sec?(z) — 1) = sin®(x)

sec(a) — cos(a) = sin(a) tan(a)

cos(x) 14 sin(x)

1 — sin(z) cos(x)

. (tan(8) + cot(d)) tan(f) = sec?(8)

sin(t)(csc(t) — sin(t)) = cos?(t)

csc?(6)

— ot
T+ tanc(@) ~ @

tan(t) + cos(t)

Sn (D) = sec(t) + cot(t)

2. TRIGONOMETRIC EQUATIONS

Algebraically solve the following equations. Exact solutions only!

1

2sin(z) = /3

. sin(2a) +1 =0, 0<a<2r

. cos(2m)=%, 0<z<2rm

. (4sin®(p) — 2)(4cos?(p) — 3) =0

. 2sin?(f) —cos(f) —1 =10

. sin(2z) + cos(z) =0, 0<z<2rm

. 2sin®(t) +cos?(t) =1, 0<t<2nm
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8. 4sin’(z) tan(x) — tan(z) = 0, 0<z<2rm
9. sin(2w) — 3sin(w) = 0, 0<w< 2w

10. 2cos?(x) — sin(z) = 1, 0<z<2m

11. 3sin®(B) —2cos(B) =2, 0<B<2n

12. 2cos?(t) + 7sin(t) = 5, 0<t<2m

3. SOLUTIONS FOR IDENTITIES, SECTION 1.

1. sin(6) sec(f) = tan(6)

Solution:

2. cos?(t) — sin?(t) = 2cos?(t) — 1
Solution:
cos?(t) — sin’(t) = cos?(t) — (1 — cos*(t))
= cos?(t) — 1 + cos?(t)
= 2cos’(t) — 1 4

csc(x)
sec(x)

= cot(zx)

Solution:

csc(xz)  sin(z)

1 cos(z)

4. (14 cos(B))(1 — cos(B)) = sin*(B)
Solution:

(1+cos(8))(1 — cos(B)) = 1 — cos*(f)
=sin®(8)
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5. cot(w) sin(w) = cos(w)

Solution:
cot(w) sin(w) = :?I?EZ)) - sin(w)
= cos(w) 4

6. cos?(x)(sec?(z) — 1) = sin?(x)
Solution:

cos?(z)(sec?(x) — 1) = cos®(z) (@ — 1)
= cos’ () — cos?(z)

~ cos?(x)

=1 —cos*(x)
= sin*(x) Vv
7. sec(a) — cos(a) = sin(a) tan(a)

Solution:

cos(x) 1+ sin(z)

" 1 —sin(x) cos(x)
Solution:
cos(z)  cos(z) 1+sin(z)
1 —sin(z) 1 —sin(z) 1+ sin(x)
cos(z)(1 + sin(z))

(1 —sin(z))(1 + sin
_cos(x)(1 + sin(x))
B 1 — sin®(z)
_cos(z)(1 + sin(x))
B cos?(x)
_ 1+sin(x)

cos(z)

—~

z))

v
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9. (tan(f) + cot(f)) tan(#) = sec?(6)

Solution:

(tan(6) + cot(9)) tan(8) = (sm( ) . cos(6 )) sin(9)

cos(f)  sin(@) / cos(6)
n“(0
- cos2EH; +1
_ sin’(f) | cos’(f)
~ cos2(f)  cos2(8)
s1n2(6) + cos?(6)
cos?(0)
1
= Cos? (9
= sec?(f) 4

sin(t)  cos(t)

10- @ seclt) = !
Solution:

sin(t) =~ cos(t)  sin(t) = cos(t)

csc(t)  sec(t) 1 1
sin(t)  cos(t)
sin(t)  cos(t)

_ 1 1

1 1

=1 4
11. sin(t)(csc(t) — sin(t)) = cos?(t)

Solution:

sin(t)(csc(t) — sin(t)) = sin

—~~

) (g o)
=1 —sin®(t)

= cos’(t) 4
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csc?(6)

— 2
1+ tan?(6) cot™(6)

12.

Solution:

1 + tan?(6) sin?(6)
cos?(9)
csc?(6)

cos2(6) N sin?()

cos2(0)  cos%(0)
csc2(6)

cos?(6) + sin?(0)
cos?(9)

csc? ()

csc?()  csc(6)
“(

tan(t) + cos(t)

13.
3 T (D)

= sec(t) + cot(t)
Solution:

sin(t)
tan(t) + cos(t)  cos(t)

sin(t) B sin(t)

_ (sin(t) +cos(t)) _ '1

cos(t) sin(t)

+ cos(t)

= +

= sec(t) + cot(t) Vv

4. SOLUTIONS FOR EQUATIONS, SECTION 2.
Throughout this section, k¥ will stand for any integer.
1. 2sin(z) = V3
Solution:

sin(z) =

z =sin"! <?> +2km, m—sin™! (?) + 2k

2
m:§+2k7r,?w+2k7r

SES
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2. sin(2a) +1 =0, 0<a<2r
Solution:
sin(2a) +1=0
sin(2a) = -1
2a = sin~ ' (=1) + 27, sin"'(=1) +4x
( note that since 0 < a < 2, we get 0 < 2a < 4r)

204:—E+27r,—g+47r

2
3 Tw
20= ",
T2
_n T
474

1
3. cos(2z) = 2 0<z<2rm
Solution:
note that since 0 < x < 27, we get 0 < 2z < 4n

1 1 1
-1 (2 =12 4o -1 (2
<2>,27r+cos <2>, T — COS 2

1
2z = cos ™! (5) , 2T — COS
w b Tw llw

=330 303
, T on Tn i
676767 6
4. (4sin*(p) — 2)(4cos?(p) —3) =0
Solution:
sin?(p) = E cos’(p) = 3
p 2’ b 4
2
sin(p) = ﬂ:%, cos(p) = i?
2 2 2 2
p=sin! (%) + 2km,m —sin 1 (%) + 2k, 2w + sin ! (—%) + 2km,m —sin ! (—%) + 2km
p=cos! (ﬁ + 2km, 21 — cos ™t (?) + 2km,cos™! (—?) + 2km, 27 — cos™! (—?) + 2kn
11
p= % 2k, 34 + 2km, — 7 +2k7r +2k7r, g + 2k, 67T +2k7r 3 +2k7r 76 + 2km
p=—+k7r, +k7r,g+k7r,6+kﬂ'

4
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5. 2sin?(f) —cos(d) =1 =10
Solution:

2(1 — cos?(#)) — cos(f) —1 =0

2 —2cos?(f) —cos(d) —1=0
—2cos?(f) —cos(f) +1=0
2cos?(6) +cos(8) —1=0

(2cos(f) — 1)(cos(@) +1) =0

2cos(f) —1=0, cos(f) +1=0

cos(f) = % cos(f) = —1
1 1
6 =cos™! (5) + 2k, 21 — cos ™! <§> + 2km, 6 = cos™(=1) + 2kw
0——+2k‘7r +2k‘7r (2k+ 1)m

3
6. sin(2z) + cos(z) = 0, 0<z<2n
Solution:
2sin(z) cos(z) + cos(z) = 0
cos(z)(2sin(z) +1) =0
cos(z) =0, 2sin(z) +1=0

1
x = cos 1(0),2m — cos 1(0), sin(z) = —3
3 1 1
x:g,g, z =271 +sin™! (—§>,7r—sin_1 (—5)
p_ T 3 ln T
2727676

7. 2sin®(t) + cos?(t) = 1, 0<t<2n

Solution:
sin?(t) + sin®(t) + cos?(t) = 1
sin(t) +1 =
sin(t) =0
sin(t) =0
t = sin~1(0) + 2k7, m — sin™ ' (0) + 2km
t =04 2knw,m + 2km
t =km
8. 4sin®(z) tan(z) — tan(z) = 0, 0<z<2nm
Solution:

tan(z)(4sin®*(z) — 1) =0
tan(z) =0, sin?(zx) =

z = tan ' (0),tan"*(0) + m, sin(z) = £

2
1 1 1
_ T B ) an—1 [ -1 _ 1 ain—1
z=0,m, T = sin (2>,7r sin (2>,27r+sm ( 2),7r sin (2

w br llm Tw

=08 666
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9. sin(2w) — 3sin(w) = 0, 0<w< 2w

Solution:
2 sin(w) cos(w) — 3sin(w) =0

sin(w)(2cos(w) —3) =0

sin(w) =0, cos(w) = g

(remember, the range of the cosine is [—1,1])
sin(w) =0
w = sin™*(0), 7 — sin™*(0)
w=0,7
10. 2cos?(z) — sin(z) = 1, 0<z<2m

Solution:

2(1 — sin?(9)) —sin(f) = 1
2 — 2sin?(f) — sin(f) = 1
—2sin®(#) —sin(d) +1 =0
25sin?(6) + sin(d) — 1 =0
(2sin(f) — 1)(sin() + 1) =0

sin(f) = =, sin(f) = —1
. —1 ao—1 1 :n—1
6 = sin (—> , ™ — sin (5) ,sin™" (1)
m 5w 3w
=562

11. 3sin*(8) — 2 cos(B) = 2, 0<pB<2r

Solution:

3(1 — cos?(B) — 2cos(B) = 2
3 —3cos?(B) —2cos(B) = 2
—3cos?(f) —2cos(B) +1=0
3cos®(B) +2cos(B) —1=0
(3cos(B) — 1)(cos(B) +1) =0

cos(f) =5, cos(B) = -1

B=cos ! (%) ,2m — cos™ ! (%) ., cos(B) = cos ' (-1)
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12. 2cos®(t) + 7sin(t) = 5, 0<t<2m

Solution:
2(1 —sin®(t)) + 7sin(t) = 5
2 — 2sin’(t)) + 7sin(t) = 5
—2sin?(t)) + 7sin(t) =3 =10
2sin®(t)) — 7sin(t) +3 =0
(2sin(t) — 1)(sin(t) —3) =0

1
sin(t) = 2’ sin(t) = 3
(remember, the range of the sine is [-1, 1])

1 1
t=sin™! (5) , T — sin~t <§>

T om
t=—,—
6’ 6



